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Chapter 1

Introduction and Outline of the
Thesis

1.1 Introduction

Scattering off of impurities in waveguides has been a topic of considerable interest in both experiment
and theory. In the late 1980s with exhibition of quantized conduction in confining potentials, the study
of impurities was of interest for their role in reduction of conductance in GaAs/AlGaAs heterostructures
[6, 8, 27].

More recently, the effect of impurities on electron flow has been of a topic interest with an eye towards
mesoscopic devices [26]. In addition to GaAs/GaAlAs heterostructures, carbon nanotubes have also been
demonstrated to act as few-mode quantum waveguides [16]. Coherence of atoms through waveguides are
expected to play an important role in such devices as atomic interferometry and quantum computing and
thus have been a subject of theoretical interest [20].

Using results from low-energy and multiple scattering, most notably “renormalized t-matrix” theory as
developed by A. Lupu-Sax [18], we present in this thesis a theory of scattering in waveguides. While we
primarily focus on s-wave scattering through the use of zero range interactions, we also derive an optical
theorem for a two-dimensional waveguide geometry. Finally, we interpret our results for the cross section
and conductance due to a scattering impurity in the context of multiple-scattering,

1.2 Outline of the Thesis

In chapter 2 we begin by highlighting concepts from elementary quantum mechanics that will be of key
importance in two-dimensional scattering: free particles in both the plane and cylindrical wave basis, prob-
ability flux and its continuity, and normalization to unit flux, which will be of key importance when we look
at scattering in waveguides. This material may be found in most, if not all standard texts; we attempt a
presentation tailored to the essentials needed to approach scattering theory.

In chapter 3 we continue our review of quantum mechanics with a development of scattering in free
space. As we will eventually consider two-dimensional scattering, our treatment differs from the traditional
in that we will focus on two as opposed to three dimensions. As with traditional treatments, we cover
the Lippman-Schwinger equation and Green’s functions as well as Born Approximation and Partial Wave
Analysis. Finally, we derive an optical theorem in two dimensions and introduce the S matrix.

Low energy scattering is well-discussed in standard texts and indeed continues to be a topic of great
interest in the literature [13, 7, 21, 12]. In chapter 4, we briefly review the importance of s-wave scattering
in the low energy limit and proceed to introduce the s-wave Point Scatterer Model discussing some of its
applications to free space scattering. Having discussed the single scatterer case for sometime, we then proceed
to develop multiple scattering theory, with an emphasis on its relation to the s-wave point scatterer model
as well as its more general application in so-called “renormalized t-matrix” theory.



In chapter 5, all the concepts we have discussed in scattering theory are brought together in formulation of
scattering theory for a waveguide. For simplicity, when we need to be more specific, we focus on a waveguide
whose transverse confinement potential consists of two infinitely hard walls a distance W apart.

We begin with a fairly unconventional approach to calculation of the Green’s function making use of the
method of images. We then proceed to translate the concept of scattering strength of a point scatterer in free
space to the same potential in the wire making use of renormalized t-matrices as developed in the previous
chapter. Continuing our development of the s-wave Point Scatterer Model in the wire, we then develop a
concept of the cross-section, the S-matrix, and a point scatterer “optical theorem” for a waveguide.

Having developed a means of modeling s-wave scattering in a waveguide, we exhibit various scattering
phenomena in the waveguide including proximity resonances, cross-section behavior near threshold energies,
and its effect on conductance through the wire.

Finally, conclude the chapter by developing an optical theorem for general potentials in the wire, making
note of its similarities to both the one- and two-dimensional free space optical theorems. For the special case
of a point scatterer scattering the m = 0 wave of a periodic wire, we demonstrate in the wide waveguide
limit that the waveguide optical theorem degenerates to the two-dimensional free space one.

In chapter 6, we present some conclusions and ideas for future directions of this work. This is followed
by appendices containing formulas for reference and some of the more involved mathematical calculations
referred to in the thesis.



Chapter 2

A Review of Free Space Wave
Functions

In quantum scattering, the incoming wave is usually assumed to be freely propagating in space before
interacting with a scattering potential, and once again propagating freely away from the scatterer. We
present in this chapter particularly relevant concepts in two-dimensional quantum mechanics that are used
in scattering theory. We begin with a review free particles in quantum mechanics in both the plane wave |p)
and the 2D-cylindrical wave |E, m) bases. As the optical theorem and waveguide scattering will be discussed
in later chapters, we also review probability flux in quantum mechanics.

2.1 Free Particles

2.1.1 Plane Waves

In free space, the Hamiltonian is just the kinetic energy operator. In Cartesian coordinates this is

. ~2 2
H_p :_h_v2

T om 2m

so that the time-independent Schrodinger equation is simply

Py = my (2.1)
2m
Switching into ket notation, we have that ,
Hip) = ;—mlm

Since [H,p] = 0, we can characterize our states by momentum choosing |p) as our eigenkets for H. If we
want to put our kets in the x-basis, then we have to solve the differential equation

A2

T = By (2.2)
—hK2 9
év%];”fzp - 0 (2.4)

This is a familiar differential equation with solution 1 = Ae’** where k = (kx, ky, k;) subject to the
constraint that > k? = 2’;;2]5 . Applying the momentum operator, we find that p = A|k| for the magnitude of




the momentum. The overall solution to the Schrodinger equation is just
(x|p) = Aelxiwt (2.5)

The constant A is determined by the chosen normalization condition to be imposed. The w term is
determined in general for any solution of the time-independent Schrodinger equation of a system to be
w = % For the case of the free particle, we have the additional relations

E p? hk?
_ = _ — 2.6
v h  2mh  2m (26)
Normalization into an orthonormal complete set is determined by requiring that

'lp) =6 —p)

Recall from classical mechanics that if we have a function f(t), we can define its Fourier transform in
frequency space F(w) and its inverse by

Flw) = /jo f(t)e™t dt (2.7)
f@) = %/_OO F(w)e ™! dw (2.8)

Since ¥(x) = (z|p) = Ae’**, we see that position and momentum eigenkets satisfy a similar relationship
in quantum mechanics

Ba) = (@) = / <x|k><k|w>dk=%2_ﬂ /jo % (ko) dk (2.9)

P(k) = (k)

1 > —ikx
[tkia)alorde = —= [ e (alopan (2.10)
(2.11)

Here we are using k = £. The factor % arises in both terms here but not in the former case because the

substitution w = 27 has been used for the classical case. From inspecting (2.9) and (2.10), we see in the
one-dimensional case, (x|p) = \/%ei(’”*‘”t) and that

(la’) = 6(z — ') = /<x|p><p|x’>dp _ % /jo Sik(s—") g

More generally, A = ——, where d is the dimension in which the waves are propagating. Thus the

d
27m) 2
general form of a plane wave of specified momentum in d-dimensions is simply

1 eik-x—iwt (2.12)
™)

(x]k) = ti(z,t) =

vl

—
[N}

Later, we will derive another normalization of by requiring unit flux through a given area, a relevant
quantity when considering particle transport through a waveguide.

2.1.2 Cylindrical Waves

In two-dimensions, we may further classify a free particle not only by its energy, but its angular momentum
as well. This will become relevant when we consider scattering by some localized potential. While viewing an
incoming wave is naturally done in Cartesion coordinates, the scattered wave is more easily treated according
to its relative direction of propagation relative to the incoming wave, and thus polar coordinates are of great
use.



The angular momentum operator L, is defined in polar coordinates by

. )
L,= —ma—¢ (2.13)

The eigenfunctions to this are simply of the form e with eigenvalues mh, m € Z. In polar coordinates
and for a radially symmetric potential, the Schrodinger Equation Hv = E1 becomes

B 9?2 19 1 0°

{_E(W+;E+r_28752)+v(r)}¢(r’¢) = Ey(r,¢) (2.14)
gzt e~ ) VOG0 = Biro) (215)

It is clear by inspection that [H, L.] = 0 and thus we may define simultaneous eigenkets |F, m). Using
separation of variables with ¥(r,¢) = R(r)®(¢), we find that 1 (r, ¢) = R(r)e?™®. For a free particle, the

radial equation becomes
K2 02 10 m?

——(z==+ -5 ——)}R(r)=ER 2.16
(5,52 * 73— ))B() = ER(r) (216)

Under the substitution u = kr = 2;{2]5 r and subsequent multiplication by u?, this equation becomes
e = R = 0 2.17)

U tug+ui-m u) = .

The solutions to this equation are the Bessel Functions of the First and Second Kind, denoted by J,, (kr)
and Y, (kr), respectively. Bessel functions of the second kind Y, (kr) are singular at the origin and thus
contribute only to either to potentials that are singular at the origin or solutions of problems away from the
origin. For a free particle then, we only use the J,,(kr) solutions. For normalization, we have the property
that

(E',m|E,m) = / il / I (k') T (k) drr dep = %Csm/ma(y - B)

so that our normalization constant is Cy ,, = 1/%. The final form for the |E, m) basis is

(x|E,m) = \/%Jm(kzr)eimwh (2.18)

To relate plane waves to spherical waves, we have the Jacobi-Anger expansion of a plane wave:

eik:-r eik:'r cos ¢ 1 e

_ n ineo
7 o o i"Jn(kr)e (2.19)

n=—oo

Finally, cylindrical waves away from the origin are often expressed as a linear combination of the Bessel
functions known as the Hankel functions of the first and second kind:

H (kr) = Ji(kr) + iYi(kr) (2.20)
HP (kr) = Ji(kr) — iYi(kr) (2.21)

Further properties of these functions are listed in Appendix D.



2.2 Flux and Normalization

2.2.1 Continuity of Flux

From classical physics, we know that in the world of electromagnetism, the total charge is conserved and
that it flows in a continuously. Alternately, in statistical mechanics, we also have particle conservation and
continuous flow. In both cases, this is expressed in the differential relation

o .
P ==V"j (2:22)

In words, the local rate of change in charge (particle) density is equal to the net in or outward flow of charge
density in the unit area of interest; there are no charge (particle) destroying or creating sources. On the
global, level an equivalent statement is

2/ d*rp(7,t) = —/ d3rV-j=—/ j-ds (2.23)
ot Jy v %

Now a quantum system has an analogous concept. For a QM system, we know that

(W(0)[$(0)) = (¥ (®)[(1))

which is to say that the total probability of finding a particle is conserved. Now

W) = [ droto= [ drprg) = const
so that as we have defined, we may consider P(r,t), the probability density to be a conserved quantity. Using

the Schrodinger equation, we have that

0 n_,
gt = 35—V + V)

and another equation if we take its conjugate. Through an appropriate combination of the two equations,
we get that

. a * _ h2 * 72 2%
ihor (V') = == (VI = g V) (2:24)
0 h " .
= P =~V (VY V) (2.25)
=P = V. (2.26)

where we have defined j = 27:‘“. (W*Vp — YVy*) = %Im (*V)). As the classical case interpreted j as the
charge current density, in the quantum analogue, we see the it takes on meaning as the probability current

density.

2.2.2 Normalization to Unit Flux

For a waveguide, the relevant quantity in normalization of a wavefunction propagating through the system
is not normalization to a Dirac-delta function, but rather to unit flux moving through the system. For a

plane wave ¢ = Aeik@ , the flux in some direction v is given by

07 = 0 (im (4 T9) (2.27)
= 0 (AR k) (2.28)
= |k||AJ*cos ¢ (2.29)



where ¢ is the angle between the vector k an 9. For ¢ = 0, normalization to unit flux per unit length, area,
or volume yields

eika:
N (2.30)

a useful basis when deriving quantities such as conductance. However eigenfunction expansion using this
. 2,2
basis at some energy E = Lk

P =

5, Dow takes on the somewhat inconvenient form

/ A0k (k] = (22)2 (2.31)

so that often it is best to move between these normalization to flux and normalization to a delta function.



Chapter 3

Scattering Theory in Two Dimensions

In this chapter, we review the key concepts of scattering theory including the Green’s Function, partial wave
analysis, phase shifts, and the optical theorem. Because we will be considering waveguide scattering in two
dimensions, we will focus on two-dimensions here as well. Treatments of three-dimensional scattering may
be found in several standard texts including [22] and [23].

3.1 Integral Form of the Schrodinger Equation

Because the incoming wavefunction is usually considered to be a free particle, the Hamiltonian for the system
is often labeled as

H=Hy+V (3.1)
where H represents the Hamiltonian of a free particle, Hy = %, which is just the kinetic energy operator,
and V represents the scattering potential. More generally, Hy can represent the Hamiltonian of a “back-
ground” potential while V is the scattering potential in the presence of the background. We assume elastic
scattering so that given Hy|p) = F|¢), we look for solutions satisfying H|¢) = (Ho + V)|¢) = E|¢). We
also assume that as V. — 0, ¢ — ¢.

Now through algebraic manipulation of (3.1), we have that

(Ho+V)l) = o) (32)
S (B Holw) = Vi) +0 (33)
= (B—Holy) = Vi) + (B~ H)lg) (3.4

S 1) = VI + (35)

so that (3.5) seems to work aside from the singularities when 1 is an eigenfunction of H. To avoid this
singularity, (3.5) is made slightly complex

) = ————V|yE) + |¢) (3.6)

" E— Hg+ic
and thus we have in equation (3.6) the Lippman-Schwinger equation. The physical meaning of + will turn out
to correspond to outgoing and incoming scattered waves, respectively so we will deal with the 1T solutions.
Unfortunately, the Lippmann-Schwinger equation has not reduced the amount of work needed to solve for
1. After all, ¢ appears on both sides of the equation. If we write this in the position basis, (expand via (z|),
we have that

1

@lo®) = (@) + [ ool gl V1) (37)
= UT(@) = o)+ [ el g V) @) (39)

10



so that solving a differential equation has been transformed into solving an integral equation. This form of
the Schrodinger equation consequently lends itself to various approximation techniques to solutions of the
scattering problem.

3.2 Green’s Functions

The kernel of the integral in (3.8), (x| m |#’) understandably plays a key role in solutions of the system.
For this reason, the operator
i (x| : ')
= — (2| =———|x
20 "VE " Hy + ic

(3.9)

is defined as the Green’s operator with (x|G|z) = G(z,z’) known as the Green’s function of the system.
Actually, we are using one of two commonly used conventions for the Green operator and function here. The
convention used here defines the Green’s function, as we will soon see, to be the solution to a differential
equation free of any quantum mechanical constants. Other texts define (x| mbﬂ ) itself as the Green’s
operator for convenience in operator manipulation. The choice of convention is up to personal preference
and in any case, does not affect any of the derivations to follow aside from the removal or insertion of a
constant. If we apply (z|(E — Hp) to equation (3.6), we have that

@VIY) = 2h4a|(B~ Ho)GVIY) +0 (3.10)

lvie) = 5 [ (B - H)Gl Vi) (3.11)

= (B~ HOGl') = {ola’) =6 (@ — ) (3.12)

For a two-dimensional free-space system, Hg = —%VZ and writing F = %;’f, equation (3.12) in x-

coordinates is just the differential equation
(V2 + E)G(x, 2’ k) = 6P (x — o) (3.13)

There are various methods of solving for the Green’s function of a system G(r,r’; k), but for brevity, we
~2
state here the result for the Green’s function for Hy = g_u’ the two-dimensional free particle Green’s function.

1

4H51)(k|r — 7)) (3.14)

G (r,r's k)= —

where k = 4/ 2}’;—2]3 Here, Hél) (k|r—17'|) refers to the Hankel function of the first kind Hl(l)(;v) = Ji(x)+1iY;(z)
mentioned in Section 2.1.2. Because of translational symmetry, it is natural to express the Green’s function
in polar coordinates as only a function of p = |r — r’|. In this case, it satisfies the equation

(V24 )G = /1) = br = 1) = 5=6(0)

3.3 Born Approximation

We now discuss the use of the Born approximation in solving equation (3.8). The obstacle to finding an
analytic solution to the equation is the appearance of the final wavefunction T itself on both sides of
the equation. For the case of weak scattering is relatively weak, then at times it can be reasonable to
approximate within the integral that w(ﬂ(x) ~ ¢(z). Making this approximation allows us to solve for the
final wavefunction ™. This is known as the first Born approximation:

U @)~ 6(x) + 2 / a2 (a|Gla’)V (2 )o(a) (3.15)

11



More generally, we want to construct a better series of approximations in the spirit of the first-order Born
approximation. We define the operator T to satisfy the relation

Viy) =Tl¢) (3.16)

Clearly knowing the T" operator would be equivalent to solving the scattering problem as we would have
that v = (1 + %’%GT)(b. However, as it is usually not analytically possible, we instead derive a recursive
relation for it by applying V' to both sides of (3.6) to get

VIg) =Tl¢)

V1) + V(5 G)VIe) (317)

Vo) + V(5 G)TI9) (3.18)
which tells us that the T" operator satisfies the recursive relation
T v+V(2—‘;G)T (3.19)
that we can iterate the relation (3.19) to get the Born series
T=v+viov+vEavow + ... (3.20)
h? h? h2

or formally solve to get
20 24 _
T=01- V(ﬁG)) l'v=vQa- (EG)V) ! (3.21)

Convergence issues aside, equation (3.20) thus tells us that one may solve for the scattering solution
through an infinite series of integrals. Successive approximations may be carried out by truncating the Born
series. Alternately, representation of T as in equation (3.21) is a good mnemonic device and a useful form for
formal manipulations in relation to other operators as we will see in our discussion of renormalized t-matrices
in section 4.6.

3.4 Asymptotic Form of Scattered Waves

At very large distances from the effective range of the scatterer, the wavefunction takes on a certain form
independent of potential. The asymptotic form of the scattered wavefunction will play a key part in our
discussion of the optical theorem and flux conservation. In addition, it is at these distances that many
experimental observations occur. Substituting in two dimensions into equation (3.8), we have the general
solution for a scattering problem in two-dimensions:

Y (@) = 6(z) + o8 / &' Go(kla — o/|) (o' [V |6 ) (3.22)

Now we want to take the limit when we're observing at x very far away from the scatterer, so that for
practical purposes, the scatterer acts on a finite range and the point of observation is far from this range.
Taking the origin to be the center of the scatter, we introduce some variables: r = |Z|, v’ = |2/|, and « the

angle between the two points. Then for r > r/, we can approximate the argument |z — 2’| as follows
Z—2'| = Vr2—2r' cosa+ 12 (3.23)
= 7’\/1— ?cosoﬂ— %2 (3.24)
~ )l — 2774,00504%7"(1— T?/cosa) (3.25)
~ r—rcosa=r—i-ax (3.26)

12



At large z, we can also take the asymptotic form of the Green’s function:

. . ik|lz—x’| ik|lz—x'|
T (1) , 1 2 in/4 € 1 /2 ...,
Go(klz — 2'|) = —~HM (k|z — 2|) — —— j — —\/je [ 3.27

Combining this with our earlier approximation of the argument |z — z'|,
eik\zfz'\ etkr e*ik:?c-z'

VRV VR

T 2h2 /_6271-/4/d2 / —zkmm |V|¢+>] (329)

zkr
= o)+ ol 2‘;;2\/,? R )) (3:30)

ikr
= o)+

(3.28)

X

we may rewrite equation (3.22) as

Vi) = o)+

\/;

where in equation (3.30) we have defined k' = k&, a vector of magnitude k pointing from the origin to the
point x, and (k’|Z) the unnormalized plane-wave e~** 7. In equation (3.31), we have defined

Fl ) = =B e v (332)

pulls out of the integral. This term represents free propagation of the

fk k') (3.31)

etikr

Asymptotically, the term
wave moving away from the scatterer which is intuitively expected if the wave is no longer interacting with
the scatterer. Equation (3.31) demonstrates that the scattering amplitude in a particular direction, f(k,k’)
depends on the energy, angle, and incoming wave.

3.5 The Scattering Amplitude f(k,k’)

While equation (3.31) may be more physically intuitive, the challenge still remains in calculating f(k, k') =
(K'|T|#). Tt is here that the Born Series is applied to create a series of functions f(™ (k, k') whose sum is

fk, k).

= i F™ (k, k) (3.33)

where
! ’LT(' 2 n—
FO 0 k) =~ [ A v Gy g) (3.34)

The function |f(k, k)| also takes on significant physical meaning. Classically, we can imagine sending
in a wave to bombard some hard object and having some of the wave scatter. Then measuring the total
scattered flux and dividing by the incoming flux per unit area would yield the cross-section seen by the
incoming wave

(scattered flux)

(incoming flux) / area

= area

We define the differential cross-section ‘fl—‘; similarly as the scattered flux into solid angle df per unit
incident flux of the plane wave:

d_CT _ T|jscat|

do ‘jincl

(3.35)

13



Taking ¢(z) = " in equation (3.31), we find that

ent = M (07 Cm (L Ry BE
]S(:at - hIm (wscatvwscat) - Im ( 2T2 T‘) — hr (336)
k
Jine = Bm (U, Vibine) = Im (ik) = £ (3.37)
do B 2
=5 = f(K) (3.38)

so as in the three-dimensional case, |f(k,k’)|? is exactly the differential cross-section.

3.6 Partial Wave Analysis

With the asymptotic from of the 2D scattered wave (3.31) and the expansion of a plane wave as cylindrical
waves in (2.19), it becomes natural to put the entire asymptotic scattering solution in terms of the |E,m)
basis functions. Away from the origin, the Bessel functions of the second kind, Y,,(kr) become feasible
solutions to the scattered wave and it will be convenient to write our scattered wave in terms of the Hankel
functions H l(l)(kr) and H l(z)(k:r). As seen in Appendix D.2, our basis functions asymptotically become

) 2 )
Hyp)(kr)et™? — | ettt amn /e (3.39)

. 2 . .
Hﬁf)(kr)em"b — \/%e—l(’”—mﬂ/?—ﬂ/ﬁl)ezmtﬁ (3.40)

where for now, the normalization constant 4/ % has been ignored. Equation (2.19) now asymptotically takes
on the form

o0

etkr = Z i T (k)™ (3.41)
= HY(kr)+ HD (kr)
= 2 i ( )2 (7)) g (3.42)
0 (1) (2)
o Hm' (kr) + Hpy/ (k7)) i
= Z i™( ( )2 ( ))e ¢ (3.43)

m:§_oo / S im(ez(krfmﬂ'/Qfﬂ'/él) + efz(krfm‘n'/277r/4))€zm¢ (344)
s3] 1
_ i(kr—m/4) —i(kr—mm—m/4)\ im¢ 4
m:E_OO 1/ By (e +e )e (3.45)

Similarly, we expand the scattered wave into cylindrical basis functions by expanding f(¢) oc (k' [V]pT)
in terms of the L, basis functions e“"¢:

boows = f(¢>€;f (3.46)
= (m_zoofmeim“f’)% (3.47)

oo

) 1 ) .
Z (fmewr/4 /27T]€) QFkTez(kr—ﬂ'/@ezmd) (348)

m=—0o0

14



Combining equations (3.45) and (3.48) to get the final wavefunction, we have that

0o
w _ /2 1k{r Z ((1+fm€iw/4\/ﬁ)€i(kr_ﬂ/4) +e—i(kr—m7r—7'r/4))eim¢ (349)
& =—00

which may be written as

9] eziﬁz 1 1 @) ) )
=2 ( 5 Hi (k) + 5 H, (k‘r)> eloelin/? (3.50)

m=—0oo

Thus the incoming plane-wave has been written as the sum of incoming and outgoing cylindrical waves.
After scattering, only the outgoing wave has been affected by a phase shift.

Because we are looking at a time-independent problem, it must be that the incoming flux is the same as
the outgoing flux. Furthermore, because angular momentum is conserved, it must be that flux conservation
holds for each individual partial wave. Thus the magnitude of the incoming and outgoing flux must be the
same. The the flux due to the incoming wave has remain unchanged. Therefore, it must be that the outgoing
flux has also remain unchanged. This in turn implies the following set of relations

L+ fne™*ork| = 1 (3.51)

= 14 fme™ 2ok = 2P (3.52)
62i5m -1 )

= fmn = —27Tk e~ /4 (3.53)

In equation (3.52), we have derived in two dimensions a phase shift defined by ¢,, on the outgoing wave.
The factor of 2 is a convention defined for mathematical convenience as will be seen in the next section. For
later reference, the wavefunction may now be written as

2idp __

w=¢+(3——i

5 ) 4iG(r,r"; E) (3.54)

3.7 Calculation of Phase Shifts

Here we detail, in a manner entirely analogous to the three-dimensional problem found in various texts,
determination of the scattering phase shift in terms of the value of the logarithmic derivative radius r = R
outside the range of the scatterer.

Within the region r < R containing the scatterer and the origin, the interior wavefunction must be only
be a sum of basis functions with radial part J;(kr), Bessel functions of the first kind. As we saw in the
previous section, for R > r, we are able to include basis functions with radial part Y;(kr). By continuity
of the wavefunction and its derivative, the logarithmic derivatives of the interior and exterior wavefunctions
must match. Numerical determination of the logarithmic derivative of the interior wavefunction approaching
r = R will allow for calculation of the phase shift seen in the exterior wavefunction.

We start off by rewriting the radial part of of the asymptotic form of the wavefunction (3.50) as

210; 1 )
A(r) = (%H}”(kr) + 5H}Q)(kr)) = ¢ {cos 6,Jy(kr) — sin ;Y (kr)} (3.55)

We now take the logarithmic derivative of the radial function and evaluate it at » = R. Some texts use
the convention §; = rdir In A;(r) to determine the phase shift. Because we will use this result later, we adopt

the convention B; = ir In A;(r). The logarithmic derivative of the radial wavefunction evaluated at r = R is
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then

1 d4;
B = EW“:R (3.56)
~ J/(kR)cosd; — Y/(kR)sind; (3.57)
~ Ji(kR) cos §; — Yi(kR) sin 0 '

Rewriting to solve for tand;, we get

J/(kR) — ByJ,(kR)
Y/(kR) — BiY,(kR)

tand; = (3.58)

Thus determining the phase shift is reduced to the problem of solving for the logarithmic derivative B; at
r=R.

3.8 The Optical Theorem

In this section, we derive a relation between the scattering amplitude in the forward direction and the total
cross-section known as the optical theorem.

Using equation (3.53), we can derive a more explicit expression for the total cross-section in terms of the
phase shifts imparted on each of the scattered waves. First, we rewrite (3.53) as

9 ,
fm =1/ %e“;’" sin d,,¢"™/* (3.59)

and calculate the cross-section as follows:

o—z/fl—gde - /\f(9)|2d0 (3.60)

= / Z iei(éi’l_‘sm)siném/ sin 6,0 (3.61)
ot wk
2 .
= §27T;SIH Om (3.62)
4
o = E ;SiDQ 5m (363)

The relevant quantity to which we will compare the cross-section is the imaginary part of the forward
scattering amplitude. The calculation is again straightforward:

Im {e= ™4 f(0 =0)} =Tm {e"/*Y " fr.e™|o_o} = ./% > sin® 6, (3.64)

Comparison of these two quantities yields the optical theorem in two dimensions:

o= \/%Im {e7"/4f(6 = 0)} (3.65)

3.9 The S matrix

In section 3.4, we demonstrated for a finite range potential far from the scatterer that the wavefunction
asymptotically propagates outward freely, approaching some set form, say ¢asympt. At the same time, we
began our discussion of scattering by assuming that some initial wave ¢y, came in to scatter off of our
potential. As discussed in numerous texts ([22], [14], [25] among others), this motivates the definition of the
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scattering operator S defined by the relation

¢asympt = S¢inc (366)

with the S-matrix being the matrix elements (x.|S|xg) of the S operator for some set of basis functions y.
Furthermore, because total flux of the system must be conserved, we know that

<¢inc | ¢inc> <¢asympt |¢asympt> (367)
= <¢inc|STS|¢inc> (368)
= Sts 1 (3.69)

Under the assumption that flux is conserved, we have that S must be a unitary operator and that the S-
matrix is unitary. Looking back at our partial wave analysis in section 3.6, we see that we chose a convenient
basis in which the S-matrix was diagonal - our incoming states |E, m, in) were unaffected while our outgoing
states | E/, m, out), because of flux conservation or equivalently, unitarity of the S-matrix, underwent a phase
shift. A consequence of comparison between the cross-section and imaginary part of the forward scattering
amplitude, both written in terms of the phase shift, allowed us to deduce the optical theorem. As discussed
in [14] and [25], the optical theorem for this reason is, conversely, interpreted as a statement of unitarity of
the S-matrix. In particular, calculation of the diagonal element of the S-matrix would also have lead to the
optical theorem [14].
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Chapter 4

Low Energy Scattering

This chapter discusses scattering in the low energy limit and introduces various aspects of the s-wave scat-
tering formalism subsequently to be used in exploring scattering in waveguides. The s-wave point scatterer
model is introduced as well as multiple scattering theory and its application to s-wave scattering. Finally,
renormalized t-matrix theory, of key importance in moving from free space to a confining geometry, is
discussed.

4.1 Scattering in the Low Energy Limit

At low energies in three dimensions, only s-waves (I = 0) contribute significantly to scattering. We will
demonstrate that the same phenomenon holds true in two dimensions.
First, we examine the radial wavefunction at low energies. The radial Schrodinger Equation (2.16)
restated is
{ ( h?  0? 19 m?

—ﬂ(w—i-;a—ﬁ)}—&—‘/(r)} R(r) = ER(r) (4.1)

Under the substitution U(r) = %Z(T) and k% = 2‘{;7 this becomes

(T—; +U(r) — k2> R(r) = (aa_; - %%) R(r) (4.2)

so that for k? < |U(r)|, the wavefunction, and hence the logarithmic derivative B; (see section 3.7) is
approximately independent of energy.
Now we calculate the phase shift (3.58)

J! (kR) — By Jo(kR)

= 4.
SO = S R = By Yo (RER) (43)
in the limit £ — 0 using asymptotic forms of the Bessel Functions:
1 (RN .
I (kr) — poor <§> r (4.4)
2 n(Lkr) + v} =0
Ym(kr) - 4 m72! m m ’ (45)
B A
For m =0,
-B 1
tan o, — L ~— (4.6)

2(§ = BnlnkR—In2++) Ink
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For m > 0,
TR?™ m — B, R
tan 6, = |- : o~ B 4,
an ml(m —1)122™ m+ B,,R (4.7)

Because at low energy B,, is approximately constant, we see that

2m

%z%m—)() m >0

we have that at sufficiently low energies, s-wave (m = 0) scattering dominates.

4.2 The S-wave Point Scatterer Model

Up to now, we have discussed scattering in the presence of general potentials. We now introduce a model for
low energy scattering through what are known as “zero range potentials” or “point interactions,” scatterers
that only interact with the incoming wavefunction at a single point.

Because of their simplicity as a model for scattering, point interactions have received much attention
in the literature [2, 7] and have found application in various settings, including scattering from arbitrary
boundaries [19], chaotic systems [11], atom-atom scattering [20], and statistical mechanics [21].

We consider a specific class of these potentials, s-wave point scatterers. Under this model, the T operator
from section 3.3 for a scatterer centered around the point r; is approximated as T(E) = |r;)s(E)(r;| where
s(E) is a complex constant. Under this model, we have that the scattered wavefunction interacting with a
scatterer at = 0 becomes

() = (rlg) + (rl 5 GTIg) (4.8)
- ¢(T)+2—§G(F,0;E)S(E)¢(0) (19)

Assuming that the wavelength of interest is much larger than the scatterer being modeled or that we are
in the low energy limit, it can be shown that this is a valid approximation [20]. Because J;(0) = 0 for [ > 0,
we see the form of T is such that in free space, only the s-wave can possibly scatter. As we will see, the
simplicity of this model greatly reduces the calculation of multiple scattering events.

Let us now calculate the scattering cross-section that results from using an s-wave scattering point
interaction by using the method of partial waves. The scattered wave is s L G¢(0) where s is just a complex
constant. Since there is no angular dependence, this point interaction clearly only scatters s-waves. The
asymptotic form of the scattered wave is then

2p : 2 L e _ B L itkrn/a)
8h2 G(T7 07 E)¢( ) hg 9 27'(']{17' \/— }¢( ) - ZS(b( ) I1rkr (410)

Analogous to the reasoning with equation (3.49), we derive a phase shift on the s-wave caused by the point
scatterer,

1—¢s¢(o)ﬂ = 2o (4.11)
_ 00 o
= —s¢(0 )2h2 = e"sindy (4.12)
4, W21
= 0= sin do = h4k| s6(0)|? (4.13)

where in the last step, we used the fact that only the s-wave experiences a phase shift.
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4.3 Constraints on the Value of S

Analogous to a general potential, the choice of s(E) creates a cross-section and must satisfy the optical
theorem to conserve flux. It must still hold true asymptotically that, an initial incoming wave ¢ (&) scattered
by any finite range potential may be written in the form of equation (3.31),

ilk|r
r

At the same time, for a point scatterer at the origin with the incident plane wave ¢(r), we get that

(&

() = o(7) + f(0) (4.14)

2p
»(7) = ¢(7) + 575 G(r,0; E)$(0) (4.15)
thus we see that Ei\l/k;f(ﬂ, k) = sG(r,r"; E)¢(0) which is independent of 6; this is expected since only the

rotationally symmetric s-wave scatters. Relating this to the scattering amplitude, we have for f(6) by
comparing (4.14) and (4.15) for the scattering amplitude,

m [ 2
- _ —im/4 4.1
FO) = o] e so(0) (1.16)
M 2 im/4
= —==1\/— 0 4.17
o\ e s6(0) (4.17)
As was done earlier using partial wave analysis, using the relation 42 = |f(6)[?, one can re-derive the

cross-section (4.13) of a point scatterer s. We have derived the scattering amplitude in order to use it with
the optical theorem (3.65) from section 3.8 which, to restate, asserts

o= %Im(f(& — )i/ (4.18)

If we apply this to equations (4.17) and (4.13), we get the relation

m

(252)|8¢(0)|2 = —Im (s¢(0)) (4.19)

which simplifies to
m

(3
For an s-wave scatterer, satisfaction of this equation is equivalent to satisfaction of the optical theorem.

)|s|? = —Im s (4.20)

4.4 Choosing s(E)

There are numerous methods of choosing s(F). Provided that the constraint of equation (4.20) is satisfied,
the choice of s(F) may be made freely and according to the phenomenon being modeled.

Perhaps the most straightforward way, if modeling is done at a single energy, is to define s(F) in terms
of the phase shift using equation (4.11). This has been effective used in modeling quantum corrals [11] and
proposed as a means of studying scattering off of a step edge [5].

In proximity resonance as seen in [12, 13] on the other hand requires s(E) to be defined on a range of
energies with a resonance peak in cross section. One possibility for this, creating a resonance width 2v/k~2
in two-dimensional scattering is [13]

(k) \/gem/472 (4.21)
S = .
Eo — k2/2 — iv/kn?

For simplicity, s(E) may be chosen to simulate a hard disk potential. In this case, analogous to hard
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sphere scattering as treated in [22], we require for a disk of radius a that the s-wave go to zero. In two
dimensions, this leads to

Jo(ka)Jr;—gG(a,O;E)sJo(O) ~ 0 (4.22)
2 a

~ s(E) s—u% (4.23)

s(E) = 21" _Jo(ka) (4.24)

to H Y (ka)

applying asymptotic forms for Jy and Hél), this becomes

h? 9
)= <7> i+ 2 [In(Lka) + 1] (4.25)

4.5 Multiple Scattering and the S-wave Point Scatterers

So far, the scattering that has been considered takes place within what we might consider a “single” scattering
region. The scatterer potential was considered to have some finite range and the asymptotic limit was taken
as the point of observation. In many experiments however, it is behavior of the wave in a non-asymptotic
region or the interactions among scatterers that is of interest as in the modeling of electron scattering off
of Fe adatoms on a Cu(111) surface in quantum corrals or quantum proximity resonances [11, 12]. In the
case of quantum corrals, electron waves scatter off of multiple adatoms before exiting the system while in
proximity resonances, interactions between s-wave scatterers cause the development of more resonances. To
account for these scattering events, there is multiple scattering theory.

For multiple scattering theory, we assume a potential V' that is the sum different scattering regions
V =3 V;. Then the scattered wavefunction may be written as

YV=0+GVY = ¢+GT¢ (4.26)

Because a good deal of operator manipulation will occur we have, for convenience, swallowed up the term

Z—’; into G, the Green’s function (now G = (E — Hp + ie)~!). From (3.16) and our assumptions about V, it

is possible to rewrite T' = > T; as
T = V+VGT (4.27)
=T, = Vit ViGT =Vi+ViGo [ D T; (4.28)

J
= (1-ViG)T; = Vi+ViGo > T; (4.29)
J#i
=T, = (1-ViGo) Vit (1-ViGo)WViGo [ DT} (4.30)
i

Recalling equation (3.21), we see that (1 — V;Go)~'V; = t;, where t; is the transfer operator we would
see in equation (4.27) had our original potential only been V;. Equation (4.30) may thus be interpreted as
the scattering from the region V; is equals the the original scattering resulting from V; plus the scattering of
flux reaching V; as a result of the other potentials V;. If our sum for V; runs from 1 to IV, we now have a set
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of N equations to solve for N operators T;:

I t1 0 t ... t T
=l e s | Go | (4.31)
T tn tn ... 1In 0 Tn
Abbreviating this as
T=t+TGT (4.32)
we can formally solve for T as
T = (1-TG) 't (4.33)

For the s-wave point scatterer model, we have that t; = s;|r;)(r;| and T takes on a particularly simple
form. For the equation ¢ = ¢ + GT'¢, we start by solving for (r|T;|¢) using equation (4.30):

(rTlg) = (rltilg) + > (r[t:GoTy|0) (4.34)
i#]
= O6(r—ri)s; ¢(H)+Z<H|G0Tj|¢> (4.35)
i)
(4.36)

Because (4.35) has a delta function in it, we only (r;|T;|¢) is non-zero. This allows us to further simplify
(4.35) as

(ridTilg) = 8(0)si | B(ri) + D> Glri,rj; B)(ry|T;|6) (4.37)
i#]
Now if we define IT:6)
_ (|15
=500 (4.38)
we have from (4.37) that
o; = d)(TZ) +ZG(7’7;,7“]';E)S]'C¥]' (439)
i#j

This yields a matrix equation through which we can solve for «;

0 G(ri,m2) G(ri,rN)

G—& 4 G(ra,m1) 0 G(ra,r3) G(r2,TN) & (4.40)
G(?‘N,’rj) G(TN,’I“Nfl) 0
sd=(I1-[G])"'d (4.41)
Substituting back into equation (4.26), we have that

P(r) = ¢(r)+ (rlGT|9) (4.42)
= ¢(r)+ Y Grr)(ri| Y _Til¢) (4.43)
= o)+ Z G(r,mi)sic (4.44)

Thus in the s-wave point scatterer model, solving for the scattered wavefunction in the presence of multiple
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potentials is essentially simplified to the task of inverting a single matrix.

4.6 Scattering in the Presence of Background Potentials

For this section, we use the convention that Go = (E — Hp +i€)~ . The s-wave point scatterer model makes
use of the transfer operator, defined by equation (3.21) in section 3.3. From the definition of the transfer
operator (restated here),

T=V(1-GV)! (4.45)

it is clear that T" is dependent on the potential V' of the system. We expect this from multiple scattering - a
new potential added to the system contributes extra scattering interactions. For the case of point scatterers,
finding “effective” s-values «; turned out to be a straightforward calculation. In the next chapter however,
we will want to consider scattering in waveguides, contributing a background potential V', in the presence
of s-waves scatterers whose strengths in free space are known. For this, we turn to renormalized t-matrix
theory as developed by A. Lupu-Sax [18].

Renormalized t-matrix theory relates the T' operator of a given “background” potential Vy with Green’s
function Gy to the T operator of a potential V = V; + V' with Green’s function Gy . For brevity, we state
here the result; formal derivations may be found in [18] and [20].

Ty(E) = {1-To(E)(Gv(E) - Go(E)} VTy(E) (4.46)

1
<1 = To(E)(Gv(E) - GO(E))> To(E)

(4.47)

For an s-wave point scatterer in free space with to(F) = |r)s(E){r|, tyv(F) remains a delta function and
(4.47) relates the complex constants sy (E) and so(E) according to the formula

. 1
sv(B) = rh—>Hrl’ 1—s0(E)(Gy (r,r"; E) — Go(r,7"; E))SO(E) (4.48)
1 1 e
T B @ amGvnr B) = Golr i B)) (4.49)
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Chapter 5

Scattering in Waveguides

We now translate the results of the previous chapters, which have primarily dealt with scattering in free
space, to a model two-dimensional waveguide system. While we deal with a particular model system, many
of the results derived will readily translate to other two- and three-dimensional waveguide systems.

We consider an infinite wire in the x-direction, but confined in the y-direction by infinitely hard walls
a distance W apart. To consider scattering in this system, we begin by deriving the Green’s function for
this system as well as the renormalized scattering strength of an s-wave scatterer relative to its strength in
free-space.

Having established the basic tools for studying scattering in waveguides, we proceed to derive formulas
using the s-wave point scatterer model for cross-section, the optical theorem, and phase shift. Finally, we
conclude with a discussion of resonant scattering, conductance dips at threshold energies in the waveguide,
and the optical theorem in a waveguide for a general potential.

Y

L N
< ® Oy

Figure 5.1: Coordinate set-up for the model system being considered

5.1 Basis Functions
The natural basis functions for this system are of the form
ik g
(@, y|B,m) = Xpn(y) - (Ae™=7) (5.1)

where the transverse modes X, (y) are the usual particle in a box basis functions

Xn(y) = \/%Sin(’fém)y) = \/%Sm(%y) (5.2)

with kzg(,m) representing the transverse wavenumber and kg(cm) = ,/QQZE — kzg the longitudinal wavenumber,

here proportional to momentum in the x-direction. While the wave in the y-direction has been normalized
in the usual way, the normalization constant A in the x-direction may be normalized either as in Section
2.1.1 to a delta function or as in Section 2.2.2 to unit flux through the wire. Because we will be interested
in flux transmission, we will work primarily with unit flux normalization so that the final expression for our
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a basis function is

ik 9 Cm
(@) = Xo(w) 7 = | [ s e (5.3)

5.2 Green’s Function for a Hard Wire

While there are various methods of calculating the Green’s function of a system G(&, #') = % (Z| m |27),
we detail here one which uses the method of images from electrostatics, similar to that employed in [6]. The
more general method of eigenfunction expansion is detailed in Appendix A.

The infinite wire will have hard walls at y = 0 and y = W. Because of translational invariance in the
x-direction, we may also assume that z/ = (0,y') in deriving G(a’c’,x_"). Since V = 0 inside the wire, the
differential equation to be satisfied by the Green’s function is from (3.13),

(V24 kDG (x, 2" k) = 6@ (z — 2) (5.4)
now subject to the boundary conditions
G(&, )ym0 = G(E )y = 0 (5.5)

The two-dimensional free Green’s function G¢ (r,7'; k) = —_TiH(()l)(k:V — 1’| satisfies (5.4), so if we can add
solutions satisfying the homogeneous equation

(V2+E)F =0 (5.6)

then we will have the Green’s function to the wire. As suggested above, we will do this by adding a series
of images of the two-dimensional free Green’s function.

——————————— ————————— —— ——— ———————— -

o ® o
+ T + 2d
= +
— ___2_d_l______. e -
@ 4 @ 4

Figure 5.2: The original Green’s function is reflected to form an array of itself and images with alternating
sign. As illustrated, this may be broken down into two separate sums.

If we consider the sum

o0

G=—20 3 B 02Wn 4 o))~ > H (klr— (0,2Wn —')))) (5.7)

n=—oo n=—oo

as illustrated in Figure 5.2, we find that it satisfies the boundary conditions in (5.5) as G is anti-symmetric
with respect to reflection around y = Wn. Furthermore, we have for y € [0, W] that

(V2+ )G = Z 5(z)o(y — 2Wn+1y')) — Z 5(x)o(y — (2Wn —y")) (5.8)
= §(x)d(y —y'), for y € [0, W] (5.9)
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Therefore G(z,y; F) in equation (5.7) must be the Green’s function of the wire. In principle, this turns any
scattering problem in the hard wire system we have defined into one in free space, and in fact, we will show
in the next section that it is possible to calculate renormalized scattering strengths in this manner.
In practice however, calculating the Green’s function requires that one must truncate 'Ehe sum, and for
et e’

x> (¥ 4 2Wnmaz ), it converges quite slowly. This is because asymptotically H (kr) ~ T T; so that

to begin converging when calculating G(x,y,x’,y’;E), we need that (v’ + 2Wnpnas) on the order of x as seen
in Figure 5.3.

Figure 5.3: A plot of the absolute value of the free space Green’s function and nine of its images. Lines have
been added to demarcate the location of the real wire as from its images. The line marked by the arrow is
a visual aid demonstrating a rough convergence limit caused by truncating the Green’s function sum. To
calculate G(z,y,0,y’; E), we see that we must have the maximum y extent of the array on the order of z.
Relative intensity in the plot goes from black (low density) to white (high density). The grayscale has been
omitted due to the qualitative nature of the plot.

To avoid this problem, it is more convenient to express the Green’s function in its eigenfunction expansion
which we state below; a derivation of this may be found in Appendix A.

eik;m) |lz—2'|

G727 = =S Xl xm(y)
2

m=1

A (5.10)

In [17], it is demonstrated how an infinite sum of Hankel functions is able to produce a sum of plane waves.
Physically, one might expect the periodic array of images we have created to act as a diffraction grating on
incoming plane waves so this should not be too surprising.

The evanescent modes decay exponentially so that for large x, the Green’s function converges quickly.
However, the original sum (5.7) contained a Hankel function centered at (0,y’), so we know there must be
logarithmic singularity hidden in the sum of the evanescent modes. Using Kummer’s Method of accelerated
convergence [1], we make this explicit rewriting the sum as

RN Z i 1 S (m) . 7/W _ M |
G (7,73 k) = =3 me(y)xm(yo)(k(m)emz lo—mo| 4 2L o= la—aol)
m=1

1 L Cos [ (y — yo)] — cosh [ (z — 0)]
i s — & (y +10)] — cosh [&(z — —x0)] (5.11)

26



the details of this calculation can be found in Appendix B. In [18] it is demonstrated that rewriting the sum
in this manner makes the sum converge uniformly.

5.3 Renormalized Scattering Strength

It was noted in section 4.4 that for an s-wave scatterer, as long s(E) is chosen such that flux is conserved,
there is freedom in choosing it. However, because the effect of a scatterer in a waveguide ultimately includes
any order of scattering between itself and the confining potential, its strength s(E) defined in an arbitrary
manner satisfying the optical theorem buries the notion of the scatterer’s intrinsic strength. For this reason,
it is of use to define a scatterer’s strength in the waveguide according to its freespace strength.

As discussed in section 4.6, when a of background potential is added to a system, the effective strength
of a scatterer also changes. This may be interpreted as a multiple scattering effect between the the scatterer
and the newly added background potential. Relative to its original scattering strength, the new strength of
a zero-range scatterer, expressed in terms of its t-matrix, is

5 = lim i (5.12)
r—r’ ] — s(ﬁ WGy (r,7'; E) — Go(r,r'; E))
=1/5 = 15— lm 2 21 Gy (r,+", E) — Go(r,1"; E)) (5.13)

Depending on the convergence acceleration method used, the form of § may appear slightly different
according to the function used to extract the singularity. Here we present one form of the renormalized
scattering strength as derived in [18]. %—’;(Gv(r, r's E) — Go(r,7'; E)) takes the limit

lim —(G+(r r' E) — Gf}_(ﬂ ', E)) =

r—r’/ h2

_ 2w Sm%@){i _ K] _ 2w Silﬁ(@)[i _ E]
W h2 W “kr owmint Wh? W 7kZ  mn
n=1 k n>N
K .2 TY [
~ 5 In[sin W] + 2 [QW] + ? In[|r — ']
O PR
+{ﬁ_ﬁyo (0)— hQ hlk— h2 1n|r—r|}
where k% = k2 + k2, kI = Qg‘QE — (%%)? is the wavenumber in the x-direction, and s = /(%)% — 2,‘{2E
This simplifies to
24 ™y, . 1 w ) . o, Ty, 1 w
+ + _ 2
Thj},ﬁ(G (rr', E) = Gy (T’T/’E))——W n (W)[E_%]_Whg s (W)[E_ﬁ]

n=1 n>N
1%

~ 5o In[sin? ﬂ-—] b om ) B LY(R)(O) (5.14)

W' rh? [2Wk] 2n2  2R2°0

Now using equation (5.13), we have for the renormalized scattering strength

1/3(E) =1/s(E) + hm/ ﬁ(Cﬁ(r 7', E)— G (r,7', E)) =

. N 00
1 24 . 9,y 1 W 2u .9,y 1 W
S(E) + W h2 n:181n ( )[ } E Sin ( )[ ]

i) W

w K ™
n>N
15 .o TY M m ip B (R)
Infsin? 79— Ao T L By By (5.15
o B gl = e mlggr] - g g Yo (0 (5:15)

where YO(R) (0) = w is the regular part of the Neumann function. An alternate form of (5.15) may be
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found in Appendix B.

It is interesting to see that because the hard wire scattering can be mapped to one in free space, we can
also derive the renormalized scattering strength both for a single and multiple s-wave scatterers. Here we
do the calculation for a single scatterer in a wire. The multiple scattering case is detailed in Appendix C.
The final solution will be of the form

o(r) = (r)+5) Qh—l;Go(ﬁ Tk) - O (5.16)
K

where r; represents the position of the scatterer in the kth position with the actual scatterer at position rg,
s the scatterer strength - here a constant for the scatterer and its images, and «. the amplitude that reaches
the scatterer at 73,. By anti-symmetry (via reflection across the line y = nW), it must be that o = (—1)*ag

and by the usual multiple scattering argument that

= 2
ap = (15(7'0) + s Z h—l;Go(’Fo, rk)ak (517)
k#0,k=—00
combining the two together, we have that
ag = ¢(ro) + srag (5.18)
¢(ro)
= .1
= 1— o\ (5 9)
where -
A= ST (C1)rGo(ro, ) (5.20)
=52 olT0, Tk .
k#0,k=—00
Our final wavefunction is then
s = 2u j
00 = 0) + T S0 B Gor i) (<17 }o(r0) (521)
k=—oc0

Thus from equation (5.21), we have derived both the Green’s function for the wire (in brackets) and the
renormalized scattering strength 3 = =°~. That we knew to renormalize with the factor A = Gy (r,r'; E) —
Go(r,7’; E) came naturally from our multiple scattering treatment of the problem.

5.4 Cross-Section (or Not) in a Waveguide

Now that we have derived an expression for the renormalized scattering strength and the Green’s function
of the wire, we may derive an expression for the cross-section of an s-wave scatterer. As in section 3.5, we
will want to define something analogous to equation (3.35), the differential cross-section. For the case of
the wire, it does not make sense to consider the differential cross-section in terms of the angle of scattering
relative to the direction of the incoming wave. The incoming wave has no definite k-value in the y-direction
and the angle over which to integrate asymptotically goes to 0. Instead, we calculate the flux with respect
to dy.
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Placing our scatterer at (0,y’) and sending in a basis function, recall we have that

k(™
. e x
(|E,m) = ¥ = xm(y) (5.22)
k™
~2'u / incy,./
= Yseat = S G B)en (1) (5.23)
i = ik(,")|w—1'/| /
_ WS ne Xm(y')
= = Do) nQ = (5.24)
n=1 T k:n
Now calculating the flux density for the incoming and scattered components we have
g = Im {Y. 2 wmc} (5.25)
= xm()’ (5.26)
and for x > 0,
]ant = Im {whcata ’(/}bcat}’ (527)
i (k™ —k(P) (@ —a")
_ xmly 252 = @
- k,(m) 52 Z me X (1) Xm (Y )X (4) pe (5.28)

The scattered flux for z < 0 is the same equation, but with e~ i+ k) (@=z")

take 3—‘; = % to obtain the differential cross-section and integrate this over y at x > 0 and = < 0 to
obtain the total cross-section. However, the resulting form of the differential cross-section is unwieldy for this
purpose - as opposed to free space, taking into account the incoming flux is no longer a matter of dividing
the overall answer by a constant. Instead, we take the quotient of the total scattered flux over the total
incoming flux. This yields a dimensionless quantity that we will call the relative cross-section.

As the incoming flux has been normalized to 1, we only have to integrate equation (5.28). This in turn
is simplified by orthogonality of the transverse modes, [ dyxm(¥)Xp(y) = dpmp. The case for z < 0 yields the
same result, so we multiply by 2. Thus we have as the final answer that

. In principle, we could

Xm(y')? Xn(y')?
o=2- TR ( 5)%13 | W (5.29)

5.5 S matrix of a Point Scatterer

The S matrix of a point scatterer is calculated here as a foundation for our later results. As usual, we place
a point scatterer at (0,y’). Because of the separable basis of this system, it is natural to construct the S
matrix in a similar manner to the usual one-dimensional scattering problem. We separate our basis functions
into left- and right-moving in the x-direction {|E, m,+), |E, m,—)} and order them as [|E,m, +), |E, m, —)].
The S matrix then takes on the form )

{T R } (5.30)

R T

where T and R represent reflection and transmission, respectively. For energies in which only a single mode
is allowed, this is simply a 2 x 2 matrix, which is what we would get if we were working in one dimension. It
is understood that S|FE, m,+) means sending in initial wave |F,m,+) from the left resulting in T|E, m, +)
on the right of the scatterer and R|E,m,+) on the left of the scatterer. Without scattering, this matrix
becomes the identity so we add to this the contribution from scattering. Rewriting equation (5.24), we have

29



that (recall 2’ = 0)

as ik |z| ’
_ —iud NG Xm (')
¢scat - h2 {ngl Xn (y)Xn (y ) k:(vn) } (m) (531)
—ip3 Xn (Y ) X (V' i lal
= (D), (5.32)
iz / /
S (nISIm) = S + (=5 Xl XY (5.33)

note the absolute value in e?**"’ 12| means both transmission and reflection are both generated by the scatterer
so that adding in the contribution from the initial wavefunction (the identity), Thm = dmn + Rnm where

/

fms Xn (Y )Xm (Y")

o )

Finally, because we can take x arbitrarily far away from the scatterer, we can neglect the evanescent modes,
hz ((m)

Rnnz =

(5.34)

where > F as they exponentially decay so that S is a finite matrix.

5.6 Unitarity Constraints on s

Now that we have derived the S matrix for the point scatterer in a wire, we will derive as in section 4.3 an
analogous constraint for s, the renormalized scattering strength in the wire. To do this, we calculate the
diagonal of STS, knowing that since S is unitary, it must be 1.

Taking advantage of our work from the last section, the m-th element of the diagonal of STS is

Nrnax

n=1

where we have broken down the sum into reflection and transmission. Note our sum now runs from 1 to
Npax, the maximum allowed quantum number, as opposed to the 2N,y left and right propagating modes.
We then have that

Nmax
> Rl + [6nm + Bam* = 1 (5.36)
n=1
Nmax
= |Rouml® + 1+ R * + > 2Ruml> = 1 (5.37)
n#m,n=1
Nmax
= (Rmm + Rpp) + Y 2| Rom[* =0 (5.38)
n=1
= Re Rinm = Z | Ryum|? (5.39)
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Now substituting for R, using (5.34), we get

o Xm( )2 _ - 2Xm M o 2
Nmax AW
} 2, 1 Xn(y')
=Ims = —\8\2(ﬁ) o) (5.41)
n=1 ij

where in the last step, we have removed the degenerate terms in the sum. It should also important to note
that we have chosen transverse basis x.,(y) that is real, which can be done for any potential V(7). That is,
Niax represents the quantum number of the maximum y-momentum. Thus analogous to (4.20), (5.41) the
choice of 5 is limited by unitarity.

Using equations (5.29) and (5.41), it is possible to derive alternate expressions for the scattering cross-
section. We now have that

2
— —2Im §( g‘g)ng(fm)) (5.42)

for relative cross-section seen by a particular incoming wave. We can also calculate the average relative
cross-section using equation (5.42) to get

5 = Nmax > on (5.43)
_ _2N;X tm 5(45) ( e xng; ) (5.44)
S Niax Im <_I|If;—|j> (5.45)

With equation (5.46), plotting the relative cross-section due to a single point scatterer becomes quite
quick; this is done at several energies in Figure 5.4. A plot of the relative cross-section of a scatterer versus
its position in the wire reveals several interesting features that are the result of multiple scattering of the
scatterer with its image. Several resonant peaks are clearly visible spaced out across the wire. Near the edge
of the wire, a sharp peak is also observed, the result of the scatterer forming a proximity p-wave resonance
with its image [13]. The proximity resonance “competes” with the requirement that the cross-section goes
to 0 at the edge of the wire resulting in a relatively sharp drop in relative cross section near the edge.
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Figure 5.4: Plots of the relative cross-section versus the scatterer location yg in the wire at various values for
kW approaching and passing through the transition from 5 to 6 allowed modes at kW = 67 with h=pu =1
and hard-sphere scattering of radius @ = 0.1. Top-left: kW = +/34w. As one might expect from the
interaction of the scatterer with its images, various resonant peaks are visible within the middle of the wire.
Closer to the edge when images become close to one another, narrow p-wave resonances are observed (see
[12]). Top-right: kW = +/35.97, just beneath the transition energy. Cross-section peaks narrow significantly.
See section 5.7 for discussion of transparency and opacity of the scatterer at the transition energy. Bottom-
left: kW = v/36.1m, just above the transition energy. Bottom-right: kW = /45m. Cross-section is again
intermediate in appearance to the previous two limit cases.
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5.7 Cross Section and Conductance Phenomena in Waveguides

Using the form (5.46) of the relative cross-section, it is possible to derive a formula for the conductance
through the wire in the presence of a single scattering impurity. Using the well-known Landauer Formula
for conductance [24] along with (5.41), we obtain

2¢?
G = ST T (5.47)
262 Nmax ~ /l X’m’(y/)Q
= 5 (Nmax - 5_1 Im (S)ﬁ—kém) (5.48)

2¢?
= T <Nmax — zm: Um) (549)

— % (Nmax _ (IT;?Q) (5.50)

Thus a single point impurity in the wire can reduce the total conductance through the wire by at most
%. In fact, as one approaches the energy threshold of a mode closing from above, this can be shown to be
the limiting case, and this phenomenon has been discussed in various works [6, 9, 15]. By simple inspection
of equation the renormalized scattering strength (5.15) (restated below), we provide an intuitive explanation
of this phenomenon.

1/5(E) = 1/s(E) + lim Q—M(GE(T, ' E) = Gg (' E)) =

r—r! h2
N
1 24 Lo,y 1 w 21 Lo,y 1 w
s(E) - Wh? n:1bln ( w )[k;’ m’n} * Wh? n>me ( )[m" 7m]
1% .o TY M W i B (R)
Infsin? —2] — -~ In[——] — —— + VP () (5,51
T g b ) = T gl — o g (O (65

The form of this equation is convenient because it separates effects of the scatterer alone, ﬁ, from the

multiple scattering contribution. As we approach a threshold energy from above, kNmax — (0 and provided
that s(F) is well behaved at the threshold, we have that § — Im § and hence the conductance reduction
is at a maximum. Conversely, as we approach the threshold energy from below, x)max — (0 and again as
long as s(F) is reasonably well-behaved in the limit, § — Re § and the conductance reduction disappears. A
plot of cross section and conductance over a range of energies is shown in Figure 5.7. The Green’s function
suggests that maximal conductance reduction occurs at a newly opened mode, and this is what is observed
as demonstrated in Figure 5.7.

Finally, it should be noted that this is a result of the multiple scattering, as seen in the form of the
renormalized scattering strength, and because of this phenomenon is independent of the nature of the

scatterer.
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Figure 5.5: Relative cross-section dips and the effect on conductance. Top: Plot of 0/0max versus kW
ranging from 7 + .005 to 107w + .05, just above 1 and 10 allowed modes respectively, with yg = 0.42,
a = 0.01 for hard sphere scattering. The cross-section drops to 0 and jumps to 1 at every opening of a new
mode; the plot is limited by the number of sample points used in demonstrating this. Bottom: Using the
formula for conductance (5.50), the reduced conductance caused by the single scatterer (solid line) is plotted
against perfect conductance (dashed line) over the same energy range. If an attractive potential had been
used instead of a hard sphere, one would have observed conductance dips followed by transparency of the
scatterer as discussed above.

\

Figure 5.6: Probability density plot of a newly opened mode at kW = 57 4 0.001 being almost entirely
reflected by a single point scatterer with a = 0.1 simulating hard sphere scattering. The location of the
point scatterer has been highlighted by a dot and arrow. A small but finite amount of transmission exists,
but may be difficult to observe in the grayscale image.
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5.8 Phase Shifts and s-wave scattering a waveguide

In free-space, partial-wave analysis put the S-matrix in diagonal form which allowed derivation of phase
shifts. At low energies, only one phase shift, the s-wave was present. We now extend the idea of a phase
shift and the s-wave to scattering in a hard wire.

Because of the use of a point scatterer, it easy to see that one may take linear combinations of the basis
wavefunctions v, such that only a single wave scatters. For a point scatterer at (0,y’), evaluation of the
basis functions ((0,y")|E, m, £) is a linear map from function space to C so the image of the map is only of
a single dimension. It then becomes a matter of choosing the correct representative basis function, 1 as
to span the image. By careful observation, if we choose (summing over all modes in both directions)

Yimg = > (¥n(0,5)") n (5.52)
- Zﬁxn(y’m(y)e*i"“ (5.53)

we see that unless ¢,,(0,y") = 0 for all n, ¥img will scatter. Thus we can now choose the remaining basis to
be such that scattering occurs if and only if 1y, scatters.

Now we derive a phase-shift analogous to one in free-space. The sum (5.53) occurs over both left- and
right-moving modes. For convenience in deriving a phase shift, it will be more convenient to define wifng and
Yimg» Which are defined like thimg except using only right- or left-moving basis functions.

Taking as our incoming wave ¢ = ing, with a scatterer at (0,y’), we note that

1 iR
0.9) = > X n®e™ o) (5.54)
Nmax
Z X’n(y/)Q -9 Xn(y/)Q (5 55)
kY = kY '
: /R2
= —2I|I;|28 (%) (5.56)
where in the last step we have used equation (5.41). Using this trick, we write the wavefunction as
. 2,U / !
Vo= ¢+ 55 ) Gl2,9,0,45 E) - 6(0,y) (5.57)
5Im 5 [ K2\ 2u
Sims [ etk lal
m=1 T

2i5Tm § [ & etk lal

If we take x > 0, we can neglect the modes that exponentially decay, and equation (5.60) becomes

2i5Im s
- (1 + 5.61
o= (1 25 i 00
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while for x <« 0, we have the same for 1 Because flux is conserved, we therefore conclude that

img*

2i5Tm 3§ .
<1 e ) - >0
i8Im § e2i%o _ 1

Using equation (5.46), we have yet another form for the relative cross-section, which passes the consistency
check that it varies between 0 and 1:

; 2
62150 _ 1

5 (5.64)

Nmaxa' =

To compare to freespace, one substitutes (5.63) back into the form of the final wavefunction to get that

¢2i% _ 1 > ek lal

Y = Qimgt <T> 2( Y xm@)xm(y )W (5.65)
62i60 -1 ] mil/

Y = Gimgt (T) 4iG(r, 7' E) (5.66)

Equations (5.66) and (3.54) are of exactly the same form. For a Dirichlet wire, the Green’s function is just an
alternating sum of free space Green’s functions. The phase shift seen in free space therefore translates in the
waveguide to a phase shift created by the original scatterer superimposed with its images. Asymptotically,
one thus observes a “hall of mirrors” effect in the waveguide. As in free space, we also see that specifying a
phase shift is equivalent to also defining the cross section generated by the scatterer.

5.9 Optical Theorem for a Waveguide

From (5.42), one may suspect that there is an optical theorem equivalent that may be derived for a waveguide.
Because the geometry differs from that of two-dimeionsal free-space and a one-dimensional problem, we
expect such a relation to be similar to both such optical theorem relations. We begin with the Lippman-
Schwinger equation and write the scattering amplitude in terms of a unit flux-normalized basis.

2
Y = o+ h—ZGW (5.67)

2 > ik |z —a|
= o+ h—‘;(—i); / d%’xn(y)xn(y’)Wvu’m@ (5.68)

Asymptotically, we can neglect the modes past Npax, the maximum quantum number for the transverse

R lo—a'| _

modes and take e ik (@—a') according to whether we’re evaluating a point at x > 0 or z < 0.
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This allows us to rewrite (5.68) as

0 +ik{M Fik{™ '
U= bt (=) Y xaly)” / 22y () e V (2 () (5.69)
n—1 kg(c") kg(tn)
Nmax pEik{Ma “ .
= ¢+ ;xn(y) = (L =i n* V1)) (5.70)
Nimax ek .
= o+ ) o) (45 (=) n*|710)) (5.71)
Nimax
= 0+ > (aln®) (15 (-)n*[TI6)) (5.72)
n=1

where we have kept the £ to remind us that 1) require a different integral depending on whether we are
asymptotically to the right or left of a scattering potential’s range. If we let ¢ = |m), then we get that

Nimax
v o= (o) + Y (aln®) (45 (=) (n* [ T]m) ) (5.73)
Nmaxn_
= 6+ > (aln®)gk, (5.74)
n=1

where we have used g¢’s instead of f’s to stand for the scattering amplitudes to note that our basis is
normalized to unit flux. But this means that

(n|SImY = dnm + gnm (5.75)

where the n, + index has been replaced just by n. Applying the unitary condition of the S matrix, we then
get that

Z |Smn‘2 =1 (576)

n#m

Now we want to relate this to the cross-section of the wire. Since our basis function is normalized to
unit flux through the wire, we just need to calculate the total scattered flux to get the cross-section. This is

found by calculating the flux of
Nmax

’(/}scat = Z <‘T‘ni>gfm (579)

n=1
at > 0 and * < 0. However, since again we’re in a basis normalized to unit flux, this just becomes
>, [gnm|? so that

Om =Y |gnml’ (5.80)
n
where the sum runs over all modes. Our optical theorem, derived in a flux-normalized basis, is then

1
Re gmm = —50m (5.81)
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For the case of a wire with periodic boundary conditions instead of the hard walls that we have been
working with, the m = 0 mode looks the most like the free space case. Applying (5.81) to

ik

P(z,y) = (5.82)

kY

then, we can show quite easily that this reduces into the free space optical theorem. From (5.34), we have
that the real part of the forward scattering amplitude is

= / ’
Roy = ( tus XO(y )XO(y )) (583)
h? (0)7.(0)
ky kg
o —us 1
1
—~Re Ry = “ZIm3 5.85
h? k
2p1 -
=0 = ﬁg(—Im 3) (5.86)

where k;o) = k since for m = 0, k;, = 0. In the limit as W — oo, renormalization must become less important
so § — s and we may apply the free space unitarity condition (4.20) for a point scatterer to get

()i o)

which for ¢(0) = 1 in this case is exactly the free space cross section (4.13). Alternately, we could have
substituted the waveguide unitarity constraint (5.41), taken the limit, and arrived at the same answer.

In summary, as was suggested at the beginning of this section, this optical theroem looks like the same
equation in one dimension [3]. However, the relation holds in a basis with unit flux normalization so that the
two-dimensional aspect of the problem has modified what me might consider a one-dimensional problem.
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Chapter 6

Conclusion

As we have demonstrated, it is not only possible to model s-wave scattering in a waveguide through the
use of t-matrices and the Green’s function, but through the use of renormalized t-matrix theory, multiple
scattering, and the method of images, it is possible to understand many scattering phenomena of waveguides
in terms of free space scattering. Examining a scatterer’s cross section as a result of its placement in the
waveguide, one sees that many features in its cross section can be understood in terms of multiple scattering
of a scatterer and its images. Similarly, renormalized scattering theory is able to account for the threshold
behavior of scattering cross sections.

There are several directions to take future work. Our discussion here of the interaction of the wavefunc-
tion, scatterer, and its images has only begun to explore scattering phenomena due to multiple scattering
in the wire. As our work has considered only s-wave scatterers and their analogues in the wire, inclusion
of higher partial waves is the next logical step in modeling higher energies. A model for inclusion of higher
partial waves using point scatterers is detailed in [13] and could be applied from free space to the wire using
renormalized t-matrices.

Another interesting observation in Figure 5.4 is that the number of resonant peaks appears to be the
number of allowed modes plus the two p-wave resonances at the edges. Understanding this phenomenon
may lead to a better overall understanding of the interaction between wave, scatterer, and images.

Having treated the case of a single scatterer in a waveguide, calculations of the statistical properties of
collections of scatterers may be of interest in studying localization and disorder. Of greater experimental
relevance, studying scatterer ensembles within waveguides may be of interest in understanding coherence
length with potential applications in atomic interferometry and other quantum devices.
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Appendix A

Eigenfunction Expansion of the
Green’s Function for a Dirichlet wire

One of the most used methods is via eigenfunction expansion using the expression

1 = / df\E. )(E. (A1)
= G(z,2;E) = /df@f’—f;;f;_c'j/) (A.2)

Here we have assumed indexing of eigenstates at energy E by the continuous property f though using a sum
over a discrete one would also suffice.

We now follow the derivation in [18] for calculating the Green’s function of a separable system. In two-
dimensional systems in which one dimension is free, we have a basis of the form |m) ® \k;m)> so that our
eigenfunction expansion becomes

i S J Aklm) @ k™) (m] @ (k™|
@ _ 7w = ; (A-3)
E—H{" — H" +ie E—E, — Ey +ic
(m)y 7.(m)
J dklks") (k™|
= A.4

We now recognize the inner integral as just the one-dimensional Green’s function for a free particle at
energy 2 — E,. The Green’s function for our system is then

(z|Glx"y = Z<x|m><m|m')Go(m,x'; E—E,) (A.5)

For a Dirichlet wire, this is just

, o , _ieikfvm)lm_x/l
Gz, 2") = Xm(W)xm (V)]

m=1

oK™

where X (y) = \/ @ sin(’#7y), the usual eigenfunction for a particle in a box.
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Appendix B

Acceleration of Green’s Function
Convergence

We wish to consider a more rapidly converging form of the Green’s function:
Gy (T, Tos k) = [Go (7, Fo3 k) — @Gy (T, 70; 0)] + @Gy (T, 703 0) (B.1)

where we shall determine «, the constant of proportionality (this procedure is called Kummer’s method of
convergence acceleration). We use equation (A.6) with E = 0 so that k(m) k:(m)

k(m)|m o
Gw(ﬁ FO; 0) = -3 Z Xm Xm yO

m=1

mﬂ'

ml

k(m)

1 W 2 o
= g D o g sin () sin (T ) e W

m=1

_ % °°1 [cos<m7r(1‘//v+yo)> —cos(m”(?{y_%)ﬂe——“ %o

ima (y+u imm(y—1
e S e ey

1 AL AL
= %RQZ<F_F>

m=1

where )
im(y£yg)

Zy = e Wltmrle W (B.2)
Using the identities

m

i%:qu ) (B.3)

m=1
and
RelnZ =1n|Z] (B.4)
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we find

oo 1 1—-7Z_
Gy (7, 70;0) = %ln‘1Z+
Lo (- 2- 2
= —In
47T 1— Z+
1 [eflemel _eir—wo |
a E 1 ewlz—zol _ ¥ (y+yo)

) (eww ol _ piE(u— yo>) (ewlr*ro\ fef%@—yo))

4w (e%\mow el y+yo>) (Q%Iwﬂo\ _ ef%myo))

B incos[ Yo)] — cosh [ (z — )]
n 471'1 cos[ y—l—yo}—cosh[ x—xo)] (B-5)

The singularity of the Green’s function arises from a logarithmic singularity in the Hankel term at the
source. Near the scatterer, the contribution from this term becomes

lim Go(r,ro;k) = —— lim Ho(k | — o))
r—ro T—To
A Y T s) et
RS T o) o
i y—In2 1 1
—— —Ink+ —1 — B.6
i = =L =l U (B-6)

while from (B.5), we find that the limiting behavior of the static Green’s function is

. N 1 27
FILHT}(] Gy (7, 7;0) = Py [l (QW‘T - r0|) —1In(1 — cos ( VéIO))]
= A = cos(F 4 g — (B.7)
 orttaw W o7 1m0 '

where v is the Euler-Mascheroni constant. We see that in order to cancel the logarithmic singularity in
Green’s function, we require simply that
a=1 (B.8)

so that

1 2 )
lim [Go(7, 703 k) — Guw(7,70;0)] = —In k—W(l — cos( 7Tyo) - % + L (B.9)
™

T—T0 21

Our final form for the Green’s function, using equation (B.5) through (B.8) is

1 o W
G, T k) = —~ § : ¢k la—rol L L s o —ao|
w( 0 Xm Xm Yo (kém) o )

s

1 I %8 [ (y — yo)] — cosh [ (z — )]
dm cos [~ (y + yo)] — cosh [F(z — —x0)]

(B.10)

which can be shown to converge uniformly [18]. This is of further use in that it allows us to obtain another
form of the renormalization constant A from equation (5.20)

A=2 > (YT H(kIF ) (B.11)
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Appendix C

Scatterer Renormalization via Free
Space Multiple Scattering in a Hard
Wire

Start as before with N point-scatterers in a wire, then reflect them up and down in the channel to oo to
get free space. Dealing with an anti-symmetric solution to this problem, the boundary conditions will be
satisfied for the Dirichlet-boundary wire.

The equation for the final wavefunction is the incoming wavefunction plus the contribution from the point
scatterers. The contribution each point-scatterer contributes at a point is equal to the incoming amplitude
at the k-th location multiplied by the scatterer strength s* and propagated by the Green’s function centered
at the k-th location. This is expressed below:

Y(r) =o(r) + > s+ Golr,re) - an(rr) (C.1)
k
We now introduce some bookkeeping to rewrite the sum over scatterer locations. Index the scatterer
locations in the wire (the real locations) by the upper index k£ = {1...N}. Index the particular wire image
in which they are located by the lower index j € Z. All For example r;* represents an image of the [-th
scatterer from the original wire in the m-th wire image. To avoid confusion with taking powers, we note that
all manipulations that will occur using this notation will NOT involve multiplying doubly-indexed values of
the same type together until we derive matrix equations to do away with this notation.
The sum (C.1) may be rewritten as

N o
Yr) =)+ > " Golr,rh) - af(rh) (C2)

k=1j=—0o0

Applying anti-symmetry across the wires, we know that a%(r¥) = (=1)7af(r§). Therefore solving for the
amplitude hitting the k — th scatterer in the zeroth channel will solve the scattering problem for us. The
amplitude hitting the k-th wire in the zeroth channel can be written as the incoming wavefunction plus the

amplitude coming from all of the other scatterers (but not itself):

ag(rg) =¢(rg) + Y s"Golrg, ) +Z Z s"Go(rg, 7)o (1) (C.3)
§7#0,j=—00 Ptk j=—o0

We’ll now abbreviate notation to shorten things:

oo
ag =5+ Y = sGHT ’“+Z Z SPGETP ol (C.4)
J#0,j=—00 p#k j=—o0
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Applying anti-symmetry yields

e’} N o)
alg = (;5]5 + Z skGIS:J_»k(—l)jalg + Z Z spGggp(—l)jag (C.5)
J#0,j=—o0 Pk j=—oo

This leads us to a matrix equation. We define A, as follows:

o PGRF=P(_1)i i
Nep = chx:ioo ’ Ofc I£<—k) ; 1 7P (C.6)
2j0,4=—00 S Goy (Z1) ifk=p

We then define the matrix S;; = st 8i5, a diagonal matrix with the s on the i-th diagonal. Defining the
matrices A = \;;, a1 = o, and ®1; = ¢), we get that

a = &+ ASa (C.1)
=a = (I-AS)'® (C.8)

This tells us that for N scatterers in the wire, we must calculate N2 infinite sums and invert an N by N
matrix to solve the problem. To recap, the overall wavefunction is then

N [e'S)
D(r)=o(r)+D D Golr,rf) (=17 {s*[[1 — AS] " @i} (C.9)

k=1j=—oc0

To put things in a form similar to the one-scatterer case, we have
¥(r) = ¢(r) + Gy[S[I— AS] ' @] (C.10)

where (Gv); = Gv(r,r¥), the Green’s function for the wire centered around the kth scatterer.
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Appendix D

Bessel Functions

D.1 Definition
Bessel functions of order « are defined as solutions y(x) to the differential equation

d? d
IQd—xz +xd—z+(x2—a2)y:() (D.1)
For a fixed «, this is a second order differential equation and thus there are two linearly independent
solutions. It turns out that one solution, defined as J,(z) (the First Kind) is finite at the origin while the
other Y, (z) (the Second Kind) is singular at the origin.

Away from the origin, the Hankel functions

HY = J,+iY, (D.2)
H? = J,—iY, (D.3)
are also valid solutions to equation (D.1).
D.2 Asymptotic Behavior
For x> 1,
2 ar T
Jo(z) — — cos(z — -5 Z) (D.4)
2 amr
(1) 2 ie—E-1)
= H,’(z) — —e 27 (D.6)
7r
(2) 2 i3
= H"(x) — s 27 (D.7)
For xr < 1 and [ € 7Z,
i) — & (52 (03)
- == .
AR TANS
Yitkr) {%{ln(%kr) +q} =0, D.9)
IWRT) — 1-1)! l .
(=2 1> 0.
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7P kr) = 1+ %{ln(%kr) +7} (D.10)

= 1+%(ln§+w)+ilnr (D.11)
D.3 Integral for Normalization
/000 xdo(max)Jo(ne)de = %(5(771 —n) (D.12)
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